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Executive summary
This document explains the work done in the framework of task 1.2 and the insights of the deliverable
D1.2. This deliverable is a prototype of a new generalization framework for reinforcement learning. A
new class of reinforcement learning algorithms based on Kalman filtering has been developed. One goal
of the CLASSiC project was to improve state-of-the-art machine learning algorithms and this deliverable
contributes to the achievement of this goal. The theory is first explained. Some experimental results are
then described. The prototype is developed in C++ and has been interfaced with the DIPPER dialogue
manager designed by the University of Edinburgh and written in JAVA.
Publications arising form this work are :
• Matthieu Geist, Olivier Pietquin, and Gabriel Fricout. From supervised to reinforcement learning:
a kernel-based bayesian filtering framework. International Journal On Advances in Software, 2(1),
2009. accepted for publication.
• Matthieu Geist, Olivier Pietquin, and Gabriel Fricout. Tracking in reinforcement learning. In Proceedings of the 16th International Conference on Neural Information Processing (ICONIP 2009),
page 8 pages, Bangkok (Thailand), December 2009. Springer. to appear.
• Matthieu Geist, Olivier Pietquin, and Gabriel Fricout. Kalman temporal differences: the deterministic case. In IEEE International Symposium on Adaptive Dynamic Programming and Reinforcement Learning (ADPRL 2009), pages 185–192, Nashville, TN, USA, April 2009.
• Matthieu Geist, Olivier Pietquin, and Gabriel Fricout. Différences temporelles de kalman. In
actes des Journées Francophones de Planification, Décision et Apprentissage pour la conduite de
systèmes (JFPDA 2009), page 20 pages, Paris, June 2009.
• Matthieu Geist, Olivier Pietquin, and Gabriel Fricout. Différences temporelles de kalman : le cas
stochastique. In actes des Journées Francophones de Planification, Décision et Apprentissage pour
la conduite de systèmes (JFPDA 2009), Paris, 2009.
Suplec organized a French national event on machine learning and artificial intelligence for optimal control
and planning in 2008 (JFPDA : http://www.metz.supelec.fr/JFPDA2008/) where an earlier version of this
work was presented.

Version: 1.0 (final) Distribution: Public

Chapter 1
Theory
1.1

Abstract

One main drawback of Reinforcement Learning (RL) is that they don’t easily scale up to real world problems. Particularly, in the field of spoken dialogue systems, the state space can be really huge and especially
when POMDP versions are considered. Generalization schemes have therefore to be investigated because
the state space can not be explored completely during simulation (and of course in a reasonable number of
real interactions). This contribution deals with value function and Q-function approximation in Markovian
decision processes. A general statistical framework based on the Kalman filtering paradigm is introduced.
Its principle is to adopt a parametric representation of the value function, to model the associated parameter vector as a random variable and to minimize the mean-squared error of the parameters conditioned
on past observed transitions. From this general framework, which will be called Kalman Temporal Differences (KTD), and using an approximation scheme called the unscented transform, a family of algorithms
is derived, namely KTD-V, KTD-SARSA and KTD-Q, which aim respectively at estimating the value
function of a given policy, the Q-function of a given policy and the optimal Q-function. The proposed approach holds for linear and nonlinear parameterization. This framework is discussed and experimentally
tested on standard RL algorithms. It has been implemented in a C++ library freely available in an open
source format that has been interfaced with the DIPPER dialogue management system (written in JAVA).

1.2

Introduction

This contribution deals with value function and Q-function approximation in deterministic Markovian
Decision Process (MDP). An MDP is a tuple {S, A, T, R, γ}, where S is the state space, A the action space,
T : S × A → S the deterministic transition function, R : S × A × S → R the bounded reward function, and
γ the discount factor. A policy π is a (here deterministic) mapping from states to actions, π : S → A. The
value function of a given policy is classically defined as:
∞

V π (s) = E[ ∑ γi ri |s0 = s, π]
i=0

2

(1.1)
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where ri is the reward observed at time i. The Q-function is defined as:
∞

Qπ (s, a) = E[ ∑ γi ri |s0 = s, a0 = a, π]

(1.2)

i=0

Reinforcement learning (RL) [1] aims at finding (through interaction) the policy π∗ which maximises the
value function for every state:
π∗ = arg max(V π )
(1.3)
π

Two schemes (among others) can lead to the solution. First, policy iteration involves learning the value
function of a given policy, and then improve the policy, the new one being greedy respectively to the
learned value function. It involves solving the Bellman evaluation equation, which is given here for the
value function and the Q-function, respectively:
V π (s) = R(s, π(s), s0 ) + γV π (s0 ), ∀s
π

0

π

0

0

Q (s, a) = R(s, a, s ) + γQ (s , π(s )), ∀s, a

(1.4)
(1.5)

Here and through the rest of the chapter, s0 denotes the transiting state, that is s0 = T (s, π(s)) or s0 = T (s, a),
depending on the context. The second scheme, called value iteration, aims directly at finding the optimal
policy. It involves solving the Bellman optimality equation, which is given here for the Q-function:
Q∗ (s, a) = R(s, a, s0 ) + γ max Q∗ (s0 , b), ∀s, a
b∈A

(1.6)

The aim of this contribution is to find an approximate solution of the Bellman evaluation or optimality
equations, for the value function or the Q-function, when the state or action spaces are too large for classical dynamic programming or reinforcement learning algorithms [2]. Moreover the proposed algorithm
is online, so as to keep this important RL feature.
To do so, Temporal Differences (TD) algorithms will be considered. They form a class of methods which
consist in correcting the representation of the value (or Q-) function according to the TD error made on it.
Most of them can be generically written as:
θi+1 = θi + Ki δi

(1.7)

In this expression, θi is the current representation of the value function, θi+1 is an updated representation
given an observed transition, δi is the so-called temporal difference error, and Ki is a gain indicating in
which direction the representation of the value function should be corrected. Each of these terms will now
be discussed.
If the state space S and the action space A are finite and small enough, an exact description of the value
function is possible, and θ will be a vector with as many components as the state (-action) space (tabular
representation). If these spaces are too large, approximation is necessary. A classical choice in RL is the
linear parameterization, that is the value function is approximated by:
p

V̂θ (s) =

∑ w j φ j (s)

(1.8)

j=1

where (φ j )1≤ j≤p is a set of basis functions, which should be defined beforehand, and the weights w j are
the parameters:
θ = [w1 , . . . , w p ]T
(1.9)
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Many function approximation algorithms require such a representation to ensure convergence [3], or even
to be applicable [4]. Other representations are possible such as neural networks where θ contains the set
of associated synaptic weights. The proposed KTD framework is applicable to any representation of the
value (or Q-) function, as long as it can be fully described by a finite set of p parameters.
In (1.7), the term δi is the TD error. Suppose that at step i a transition (si , ai , si+1 , ri ) is observed. For
TD-like RL algorithms, that is algorithms which aim at evaluating the value function of a given policy π,
the TD error is:
δi = ri + γV̂θi (si+1 ) − V̂θi (si )
(1.10)
For SARSA-like algorithms, that is algorithms which aim at evaluating the Q-function of a given policy
π, the TD error is:
δi = ri + γQ̂θi (si+1 , ai+1 ) − Q̂θi (si , ai )
(1.11)
Finally, for Q-learning-like algorithms, that is algorithms which aim at computing the optimal Q-function,
the TD error is:
δi = ri + γ max Q̂θi (si+1 , b) − Q̂θi (si , ai )
(1.12)
b∈A

The type of temporal difference which is used determines which Bellman equation is to be solved (evaluation equation for (1.10) and (1.11), optimality equation for (1.12)), and thus if the algorithm belongs to
the policy iteration or value iteration family.
The term Ki is a gain which is specific to each algorithm. The most common are reviewed here. For TD,
SARSA and Q-learning (see [1] for example), the gain can be written as
Ki = αi ei

(1.13)

where αi is a classical learning rate in stochastic approximation theory, and should verify:
∞

∞

∑ αi = ∞ and

i=0

∑ α2i < ∞

(1.14)

i=0

and ei is a unitary vector which is zero everywhere except in the component corresponding to the state si
(or to the state-action (si , ai )) which is equal to one (Kronecker function). These algorithms have been
modified to consider so-called eligibility traces (see [1]), and the gain can then be written as
i

Ki = αi ∑ λi− j e j

(1.15)

j=1

where λ is the eligibility factor. These algorithms have also been extended to take into account approximate representation of the value function. According to [5] they are called direct algorithms. Without
eligibility traces, the gain can be written as
Ki = αi ∇θi V̂θi (si )

(1.16)

where ∇θi V̂θi (si ) is the derivation following the parameter vector of the parameterized value function in
the current state. The value function can be replaced straightforwardly by the Q-function in this gain.
The direct algorithms have also been extended to take into account eligibility traces, which leads to the
following gain:
i

Ki = αi ∑ λi− j ∇θi V̂θi (s j )

(1.17)

j=1

Version: 1.0 (final) Distribution: Public
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Another well known approach is the set of residual algorithms [5], for which the gain is obtained through
the minimization of the L2 -norm of the Bellman residual (i.e. the difference between the left side and the
right side of the Bellman equation):

Ki = αi ∇θi V̂θi (si ) − γV̂θi (si+1 )
(1.18)
The last approach we review is the Least-Squares Temporal Differences (LSTD) algorithm [4], which is
only defined for linear parameterization (1.8) and for which the gain is defined recursively:
Ci−1 φ(si )
1 + (φ(si ) − γφ(si+1 ))T Ci−1 φ(si )
Ci−1 φ(si )(φ(si ) − γφ(si+1 ))T Ci−1
Ci = Ci−1 −
1 + (φ(si ) − γφ(si+1 ))T Ci−1 φ(si )
Ki =

(1.19)
(1.20)

where φ(s) is defined in (1.47). This algorithm has also been extended to eligibility traces, see [6] for
details.
The problem addressed in this work can be stated as: given a representation of the value function (or
of the Q-function) summarized by the parameter vector θ and given a temporal difference scheme (or
equivalently given a Bellman equation to be solved), what is the best gain K ? To answer this question, a
statistical point of view is adopted here and the Kalman filtering framework [7] is followed. The proposed
approach can be linked to papers based on Gaussian processes [8], least-squares [4] or Kalman filtering [9,
10]. This will be further discussed in Section 1.9. In the next section the general Kalman Temporal
Differences (KTD) framework is presented. The following sections specialize it to derive a family of
algorithms for the value function and the Q-function evaluation (KTD-V and KTD-SARSA), and for the
Q-function optimization (KTD-Q). An approximating scheme, the so-called unscented transform [11],
which is necessary to handle nonlinear parameterization and the Bellman optimality equation, is also
presented. Eventually some points are discussed and perspectives are presented.

1.3

KTD: the general case

In this section a very general point of view is adopted, and practical algorithms will be derived later. For
now, a transition is generically noted as:


(si , si+1 )
ti = (si , ai , si+1 , ai+1 )
(1.21)


(si , ai , si+1 )
given that the aim is the value function evaluation, the Q-function evaluation or the Q-function optimization. Similarly, for the same cases, the following shortcuts hold:


V̂θi (si ) − γV̂θi (si+1 )
gti (θi ) = Q̂θi (si , ai ) − γQ̂θi (si+1 , ai+1 )
(1.22)


Q̂θi (si , ai ) − γ maxb∈A Q̂θi (si+1 , b)
Thus all TD schemes can be written generically as
δi = ri − gti (θi )

(1.23)

Version: 1.0 (final) Distribution: Public
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As said before, a statistical point of view is adopted. The parameter vector θi is modeled as a random
variable following a random walk. The problem at sight can then be stated in a so-called state-space
formulation:
(
θi+1 = θi + vi
(1.24)
ri = gti (θi ) + ni
This expression is fundamental for the proposed framework. The first equation is the evolution equation,
it specifies that the parameter vector follows a random walk which expectation corresponds to the optimal
estimation of the value function. The evolution noise vi is centered (its mean is 0), white (equally distributed in terms of frequencies) and independent (independence between to consecutive samples). Notice
that this allows handling non-stationary MDPs. The second equation is the observation equation, it links
the observed transition to the value (or Q-) function through a Bellman equation. The observation noise
ni is supposed centered, white and independent. Notice that this necessary assumption does not hold for
stochastic MDPs (see [12] for an expression of this noise in the stochastic case), that is why deterministic transitions are supposed here. This model noise arises from the fact that the solution of the Bellman
equation does not necessarily exist in the functional space spanned by the set of parameter vectors.
The objective could be to estimate the parameter vector which minimizes the expectation of the meansquared error conditioned on past observed rewards. The associated cost can be written as:


J(θ̂i ) = E kθi − θ̂i k2 |r1:i with r1:i = r1 , . . . , ri
(1.25)
Generally speaking, the minimum mean square error (MMSE) estimator is the conditional expectation:
argmin J(θ̂i ) = θ̂i|i = E [θi |r1:i ]

(1.26)

θ̂i

However, except in specific cases, this estimator is not computable. Instead, the aim is here to find the
best linear estimator. It can be written in a form quite similar to equation (1.7):
θ̂i|i = θ̂i|i−1 + Ki r̃i

(1.27)

In equation (1.27), θ̂i|i is the estimate at time i, θ̂i|i−1 = E[θi |r1:i−1 ] is the prediction of this estimate
according to past observed rewards r1:i−1 , and for a random walk model the following equality holds:
θ̂i|i−1 = θ̂i−1|i−1

(1.28)

r̃i = ri − r̂i|i−1

(1.29)

The innovation
is the difference between the observed reward ri and its prediction based on the previous estimate of the
parameter vector:
r̂i|i−1 = E [gti (θi )|r1:i−1 ]
(1.30)
Note that the innovation r̃i is not exactly the temporal difference defined in equation (1.23), which is a
random variable through its dependency to the random vector θi . It is its expectation conditioned on past
observed data.
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Using classical equalities, the cost function can be rewritten as:


J(θ̂i ) = E kθi − θ̂i k2 |r1:i


= E (θi − θ̂i )T (θi − θ̂i )|r1:i


= trace E (θi − θ̂i )(θi − θ̂i )T |r1:i

= trace cov θi − θ̂i |r1:i

(1.31)

where the trace function indicates that the trace of the matrix is considered and the cov function indicates
the covariance matrix of the random variable. A first step to the computation of the optimal gain is to
express the conditioned covariance over parameters as a function of the gain Ki . A few more notations are
first introduced (recall also the definition of the innovation (1.29)):
θ̃i|i = θi − θ̂i|i and θ̃i|i−1 = θi − θ̂i|i−1

Pi|i = cov θ̃i|i |r1:i

Pi|i−1 = cov θ̃i|i−1 |r1:i−1
Pri = cov (r̃i |ri:i−1 )


Pθri = E θ̃i|i−1 r̃i |r1:i−1

(1.32)
(1.33)
(1.34)
(1.35)
(1.36)

Using the postulated update of equation (1.27), and the various estimators being unbiased, the covariance
can be expanded:

Pi|i = cov θi − θ̂i|i |r1:i


= cov θi − θ̂i|i−1 + Ki r̃i |r1:i−1

= cov θ̃i|i−1 − Ki r̃i |r1:i−1
T
+ Ki Pri KiT
Pi|i = Pi|i−1 − Pθri KiT − Ki Pθr
i

(1.37)

The optimal gain can thus be obtained by deriving the trace of this matrix.
First note that the gradient being linear, for three matrices of ad hoc dimensions A, B and C, B being
symmetric, the following algebraic identities hold:

∇A trace ABAT = 2AB
(1.38)


T
T
∇A trace AC
= ∇A trace CA
=C
(1.39)
and thus using equation (1.37) and previous identities:
∇Ki trace Pi|i



=0

⇔

2Ki Pri − 2Pθri = 0

⇔

Ki = Pθri Pr−1
i

(1.40)

Using (1.37) and (1.40), the covariance matrix Pi|i is
Pi|i = Pi|i−1 − Ki Pri KiT

(1.41)

Notice that no Gaussian assumption has been made to derive these equations.
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The most general KTD algorithm, which breaks down in three stages, can now be derived. The first
step consists in computing predicted quantities θ̂i|i−1 and Pi|i−1 . Recall that for a random walk model,
equation (1.28) holds, and the predicted covariance can also be computed analytically:

Pi|i−1 = cov θ̃i|i−1 |r1:i−1

= cov θ̃i−1|i−1 + vi−1 |r1:i−1
= Pi−1|i−1 + Pvi−1

(1.42)

where Pvi−1 is the variance matrix of the evolution noise (which is given).
The second step is to compute some statistics of interest. It will be specialized for each algorithm of the
next sections. The first statistic to compute is the prediction r̂i|i−1 (1.30). The second statistic to compute
is the covariance between the parameter vector and the innovation:


Pθri = E (θi − θ̂i|i−1 )(ri − r̂i|i−1 )|r1:i−1
(1.43)
However, from the state-space model (1.24), ri = gti (θi ) + ni , and the observation noise is centered and
independent, so


Pθri = E (θi − θ̂i|i−1 )(gti (θi ) − r̂i|i−1 )|r1:i−1
(1.44)
The last statistic to compute is the covariance of the innovation, which can be written (using again the
characteristics of the observation noise):


Pri = E (ri − r̂i|i−1 )2 |r1:i−1


= E (gti (θi ) − r̂i|i−1 + ni )2 |r1:i−1


= E (gti (θi ) − r̂i|i−1 )2 |r1:i−1 + Pni
(1.45)
where Pni is the variance of the observation noise (which is also known).
The last step of the algorithm is the correction step. It consists in computing the gain (1.40), correcting
the parameter vector (1.27) and updating the associated covariance matrix (1.41) accordingly. Notice that
as the proposed method is online, it must thus be initialized with some priors θ̂0|0 and P0|0 . The proposed
general framework is summarized in Algorithm 1. The main difficulty in applying the KTD is to compute
the statistics of interest r̂i|i−1 , Pθri and Pri (for which statistics θ̂i|i−1 and Pi|i−1 are necessary), which will
be the subject of the next three sections.

1.4

KTD-V

This section focuses on evaluating the value function, that is finding an approximate solution of the Bellman evaluation equation (1.4). First the linear case is considered, which allows deriving an analytical
solution to the statistics of interest computation. An approximation scheme, the unscented transform [11],
is then introduced, which proves itself to be useful for the nonlinear parameterization case.

1.4.1

Linear parameterization

In this section the linear parameterization of equation (1.8) is adopted, which is shortened as:
Vθ (s) = φ(s)T θ

(1.46)
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Algorithm 1: General KTD algorithm
Initialization: priors θ̂0|0 and P0|0 ;
for i ← 1, 2, . . . do
Observe transition ti and reward ri ;
Prediction step;
θ̂i|i−1 = θ̂i−1|i−1 ;
Pi|i−1 = Pi−1|i−1 + Pvi−1 ;
Compute statistics of interest;
r̂i|i−1 = E[gti (θi )|r1:i−1 ] ;


Pθri = E (θi − θ̂i|i−1 )(gti (θi ) − r̂i )|r1:i−1 ;


Pri = E (gti (θi ) − r̂i|i−1 )2 |r1:i−1 + Pni ;
Correction step;
Ki = Pθri Pr−1
;
i

θ̂i|i = θ̂i|i−1 + Ki ri − r̂i|i−1 ;
Pi|i = Pi|i−1 − Ki Pri KiT ;

where the parameter vector is given in equation (1.9) and where φ(s) is a vector defined as:
φ(s) = [φ1 (s), . . . , φ p (s)]T
The state-space formulation (1.24) can thus be rewritten as:
(
θi+1 = θi + vi
ri = (φ(si ) − γφ(si+1 ))T θi + ni

(1.47)

(1.48)

To shorten the equations, Hi is defined as:
Hi = φ(si ) − γφ(si+1 )

(1.49)

As the observation equation is linear, the statistics of interest can be derived analytically. The prediction
is
r̂i|i−1 = E [gti (θi )|r1:i−1 ]


= E HiT θi |r1:i−1
= HiT E [θi |r1:i−1 ]
= HiT θ̂i|i−1

(1.50)
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The covariance between the parameter vector and the innovation can also be computed analytically:



Pθri = E θ̃i|i−1 gti (θi ) − r̂i|i−1 |r1:i−1


= E θ̃i|i−1 HiT θ̃i|i−1 |r1:i−1
h
i
= E θ̃i|i−1 θ̃Ti|i−1 |r1:i−1 Hi
= Pi|i−1 Hi

(1.51)

The covariance of the innovation is derived analytically too:
h
i
2
Pri = E gti (θi ) − r̂i|i−1 |r1:i−1 + Pni
i
h
2
= E HiT θ̃i|i−1 |r1:i−1 + Pni
= HiT Pi|i−1 Hi + Pni

(1.52)

The gain can thus be defined algebraically and recursively:
Pi|i−1 Hi
Ki = T
Hi Pi|i−1 Hi + Pni

(1.53)

This gain shares similarities with the gain of the LSTD algorithm [4] (equation (1.19)), which is not a surprise. The LSTD is based on a least-squares minimization (however with the introduction of instrumental
variables in order to handle stochastic transitions), and the Kalman filter can be seen as a generalization
of the least-squares method. This gain also shares similarities with the one arising from a parametric
Gaussian process modelling of the value function evaluation problem [8]. The KTD-V approach for linear
parameterization is summarized in Algorithm 2.
The next case to be addressed is the nonlinear parameterization of the value function. Basically, the issue
of computing the statistics of interest for the KTD can be stated as the following problem: given the mean
and covariance of a random variable, how can the mean and covariance of a nonlinear (and perhaps non
derivable) mapping of this random variable be computed ? The following section presents the unscented
transform, which is an approximation scheme designed to handle such a problem.

1.4.2

The Unscented Transform

Let’s abstract a little bit from reinforcement learning and Kalman filtering. Let X be a random vector, and
let Y be a mapping of X. The problem is to compute the mean and covariance of Y knowing the mapping
and first and second order moments of X. If the mapping is linear, the relation between X and Y can be
written as Y = AX where A is a matrix of ad hoc dimension. In this case, required mean and covariance
can be analytically computed: E[Y ] = AE[X] and E[YY T ] = AE[XX T ]AT . This result has been used to
derive the KTD-V of Section 1.4.1.
If the mapping is nonlinear, the relation between X and Y can be generically written as:
Y = f (X)

(1.54)

A first solution would be to approximate the nonlinear mapping, that is to linearize it around the mean of
the random vector X. This leads to the following approximations of the mean and covariance of Y :
E[Y ] ≈ f (E[X])

(1.55)

E[YY T ] ≈ (∇ f (E[X])) E[XX T ] (∇ f (E[X]))T

(1.56)
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Algorithm 2: KTD-V: linear parameterization
Initialization: priors θ̂0|0 and P0|0 ;
for i ← 1, 2, . . . do
Observe transition (si , si+1 ) and reward ri ;
Prediction step;
θ̂i|i−1 = θ̂i−1|i−1 ;
Pi|i−1 = Pi−1|i−1 + Pvi−1 ;
Compute statistics of interest;
r̂i|i−1 = HiT θ̂i|i−1 ;
Pθri = Pi|i−1 Hi ;
Pri = HiT Pi|i−1 Hi + Pni ;
/* where Hi = φ(si ) − γφ(si+1 )

*/

Correction step;
Ki = Pθri Pr−1
;
i

θ̂i|i = θ̂i|i−1 + Ki ri − r̂i|i−1 ;
Pi|i = Pi|i−1 − Ki Pri KiT ;

This approach is the base of Extended Kalman Filtering (EKF) [13], which has been extensively studied
and used in past decades. However it has some limitations. First it cannot handle non-derivable nonlinearities, and thus cannot handle the Bellman optimality equation (1.6) because of the max operator. It
requires to compute the gradient of the mapping f , which can be quite difficult even if possible. It also
supposes that the nonlinear mapping is locally linearizable, which is unfortunately not always the case
and can lead to quite bad approximation, as exemplified in [11].
The basic idea of the unscented transform is that it is easier to approximate an arbitrary random vector
than an arbitrary nonlinear function. Its principle is to sample deterministically a set of so-called sigmapoints from the expectation and the covariance of X. The images of these points through the nonlinear
mapping f are then computed, and they are used to approximate statistics of interest. It shares similarities
with Monte-Carlo methods, however here the sampling is deterministic and requires fewer samples to be
drawn, nonetheless allowing a given accuracy [11].
The original unscented transform is now described more formally (some variants have been introduced
since, but the basic principle is the same). Let n be the dimension of X. A set of 2n + 1 sigma-points is
computed as follows:
x0 = X̄
x j = X̄ +

p

x j = X̄ −

p

(n + κ)PX
(n + κ)PX


j


n− j

j=0

(1.57)

1≤ j≤n

(1.58)

n + 1 ≤ j ≤ 2n

(1.59)
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as well as associated weights:
w0 =

κ
1
and w j =
∀j > 0
n+κ
2 (n + κ)

(1.60)

where X̄ is the mean of X, PX is itsp
variance matrix, κ is a scaling factor which controls the accuracy of
the unscented transform [11], and ( (n + κ)PX ) j is the jth column of the Cholesky decomposition of the
matrix (n + κ)PX . Then the image through the mapping f is computed for each of these sigma-points:
0 ≤ j ≤ 2n

y j = f (x j ),

(1.61)

The set of sigma-points and their images can finally be used to compute first and second order moments
of Y , and even PXY , the covariance matrix between X and Y :
2n

Ȳ ≈ ȳ =

(1.62)

∑ w jy j

j=0
2n

PY ≈

∑ w j (y j − ȳ) (y j − ȳ)T

(1.63)

j=0
2n

PXY ≈

∑ w j (x j − x̄) (y j − ȳ)T

(1.64)

j=0

where x̄ = x0 = X̄. The unscented transform having been presented, it is now possible to address the value
function evaluation problem with nonlinear parameterization.

1.4.3

Nonlinear parameterization

In this section a generic parameterization of the value function V̂θ is considered: it can be a neural network [14], a parametric kernel representation [12], or any function representation of interest, as long as it
can be described by a finite set of p parameters. The general state-space formulation (1.24) can thus be
rewritten as:
(
θi+1 = θi + vi
(1.65)
ri = V̂θi (si ) − γV̂θi (si+1 ) + ni
The problem is still to compute the statistics of interest, which becomes tractable with the unscented
transform. The first thing to compute is the set of sigma-points from known statistic θ̂i|i−1 and Pi|i−1 as
described in Section 1.4.2, as well as the associated weights:
n
o
( j)
Θi|i−1 = θ̂i|i−1 , 0 ≤ j ≤ 2p
(1.66)

W = w j , 0 ≤ j ≤ 2p
(1.67)
Then the images of the sigma-points are computed, using the observation function of state-space model (1.65),
which is linked to the Bellman evaluation equation (1.4):
n
( j)
Ri|i−1 = r̂i|i−1
= V̂θ̂( j) (si )
i|i−1
o
− γV̂θ̂( j) (si+1 ), 0 ≤ j ≤ 2p
(1.68)
i|i−1
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The sigma-points and their images being computed, the statistics of interest can be approximated by:
2p

r̂i|i−1 ≈

( j)

(1.69)

∑ w j r̂i|i−1

j=0
2p

Pri ≈

∑ wj

2

( j)
r̂i|i−1 − r̂i|i−1 + Pni

(1.70)




( j)
( j)
θ̂i|i−1 − θ̂i|i−1 r̂i|i−1 − r̂i|i−1

(1.71)

j=0
2p

Pθri ≈

∑ wj

j=0

As the unscented transform is no longer an approximation for linear mapping, this formulation is still valid
for value function evaluation with linear function approximation. The KTD-V with nonlinear function
approximation is summarized in Algorithm 3.

Algorithm 3: KTD-V: nonlinear parameterization
Initialization: priors θ̂0|0 and P0|0 ;
for i ← 1, 2, . . . do
Observe transition (si , si+1 ) and reward ri ;
Prediction Step;
θ̂i|i−1 = θ̂i−1|i−1 ;
Pi|i−1 = Pi−1|i−1 + Pvi−1 ;
Sigma-points
n computation ; o
( j)
Θi|i−1 = θ̂i|i−1 , 0 ≤ j ≤ 2p ;

W = wnj , 0 ≤ j ≤ 2p
;
( j)
Ri|i−1 = r̂i|i−1 = V̂θ̂( j) (si ) − γV̂θ̂( j) (si+1 ),
i|i−1

o
0 ≤ j ≤ 2p ;

i|i−1

Compute statistics of interest;
( j)
2p
r̂i|i−1 = ∑ j=0 w j r̂i|i−1 ;
2p

( j)

( j)

Pθri = ∑ j=0 w j (θ̂i|i−1 − θ̂i|i−1 )(r̂i|i−1 − r̂i|i−1 );

2
( j)
2p
Pri = ∑ j=0 w j r̂i|i−1 − r̂i|i−1 + Pni ;
Correction step;
Ki = Pθri Pr−1
;
i

θ̂i|i = θ̂i|i−1 + Ki ri − r̂i|i−1 ;
Pi|i = Pi|i−1 − Ki Pri KiT ;
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KTD-SARSA

This section focuses on the Q-function evaluation of a given policy. The associated algorithm is called
KTD-SARSA, which can be misleading. Indeed, generally speaking, SARSA is a Q-function evaluation
algorithm associated with an optimistic policy iteration scheme. Here the focus is on the Q-function
evaluation problem, and the control part is left apart. For a general parameterization Q̂θ , and considering
the Bellman evaluation equation (1.5), the state-space model (1.24) can be rewritten as:
(
θi+1 = θi + vi
(1.72)
ri = Q̂θi (si , ai ) − γQ̂θi (si+1 , ai+1 ) + ni
For a fixed policy, the value function evaluation on the state space induced Markov chain is quite similar
to the Q-function evaluation on the state-action space induced Markov chain. It is thus straightforward
to extend Algorithms 2 and 3 to Q-function evaluation. Recall that for a linear parameterization, the
unscented transform leads to an exact computation of statistics of interest, and thus in this case Algorithm 3
is equivalent to Algorithm 2. That is why only the sigma-point formulation of KTD-SARSA is derived
(Algorithm 4).

Algorithm 4: KTD-SARSA
Initialization: priors θ̂0|0 and P0|0 ;
for i ← 1, 2, . . . do
Observe transition (si , ai , si+1 , ai+1 ) and reward ri ;
Prediction Step;
θ̂i|i−1 = θ̂i−1|i−1 ;
Pi|i−1 = Pi−1|i−1 + Pvi−1 ;
Sigma-points
n computation ; o
( j)
Θi|i−1 = θ̂i|i−1 , 0 ≤ j ≤ 2p ;

W = wnj , 0 ≤ j ≤ 2p
;
( j)
Ri|i−1 = r̂i|i−1 = Q̂θ̂( j) (si , ai ) − γQ̂θ̂( j) (si+1 , ai+1 ),
i|i−1

o
0 ≤ j ≤ 2p ;

i|i−1

Compute statistics of interest;
( j)
2p
r̂i|i−1 = ∑ j=0 w j r̂i|i−1 ;
2p

( j)

( j)

Pθri = ∑ j=0 w j (θ̂i|i−1 − θ̂i|i−1 )(r̂i|i−1 − r̂i|i−1 );

2
( j)
2p
Pri = ∑ j=0 w j r̂i|i−1 − r̂i|i−1 + Pni ;
Correction step;
Ki = Pθri Pr−1
;
i

θ̂i|i = θ̂i|i−1 + Ki ri − r̂i|i−1 ;
Pi|i = Pi|i−1 − Ki Pri KiT ;
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KTD-Q

This section focuses on the Q-function optimization, that is on finding an approximate solution of the Bellman optimality equation (1.6). A general parameterization Q̂θ is adopted. The state-space model (1.24)
can be specialized as follows:
(
θi+1 = θi + vi
(1.73)
ri = Q̂θi (si , ai ) − γ maxb∈A Q̂θi (si+1 , b) + ni
Here linear and nonlinear parameterization are not distinguished, because of the max operator, which
is inherent to the Bellman optimality equation, and because of which the observation equation of statespace model (1.73) is nonlinear. This max operator is difficult to handle, especially because of its nonderivability.
Hopefully, as it approximates the random variable rather than the mapping, the unscented transform is
a derivative free approximation. Given the general KTD algorithm introduced in Section 1.3 and the
unscented transform described in Section 1.4.2, it is possible to derive KTD-Q, the KTD algorithm for Qfunction direct optimization. One has first to compute the set of sigma-points associated with the parameter vector, as in equations (1.66-1.67). Then the mapping of these sigma-points through the observation
equation of state-space model (1.73), which contains the max operator, is computed:
n
( j)
Ri|i−1 = r̂i|i−1
= Q̂θ̂( j) (si , ai )
i|i−1
o
− γ max Q̂θ̂( j) (si+1 , b), 0 ≤ j ≤ 2p
(1.74)
b∈A

i|i−1

Then, as usual, the sigma-points and their images are used to compute the statistics of interest, as in
equations (1.69-1.71). The proposed KTD-Q is summarized in Algorithm 5.

1.7

Colored noise model and eXtended KTD

The white observation noise assumption does not hold for stochastic transitions. Indeed, under this hypothesis, KTD minimizes a square Bellman residual : θ̂i|i = argminθ ∑ij=1 P1n (r j + γV̂θ (s j+1 ) − V̂θ (s j ))2 .
j

KTD therefore produces biased estimates of the value function. We first present the colored noise model
initially introduced by [15] and then show how it can be used to extend the KTD framework.
The value function can be defined as the expectation (over all possible trajectories) of the following disi
count return random process: D(s) = ∑∞
i=0 γ R(si , ai , si+1 )|s0 = s with ai ∼ π(.|si ) and si+1 ∼ p(.|si , ai ).
This equation naturally leads to a Bellman-like equation: D(s) = R(s, a, s0 ) + γDπ (s0 ) with again a ∼ π(.|s)
and s0 ∼ p(.|s, a). This random process can be broken down into the value function plus a random
zero-mean residual: D(s) = V (s) + ∆V (s) with V (s) = E[D(s)] and ∆V π (s) = Dπ (s) − V π (s). Manipulating the two previous equations, the reward can be expressed as a function of the value plus a noise:
R(s, a, s0 ) = V (s) − γV (s0 ) + N(s, s0 ) with N(s, s0 ) = ∆V (s) − γ∆V (s0 ). As in [15], the residuals are supposed to be independent, which leads to a colored noise model. This assumption can seem rather strong.
However, despite this, a convergence of the resulting algorithm to the same solution as LSTD(1) can be
obtained.
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Algorithm 5: KTD-Q
Initialization: priors θ̂0|0 and P0|0 ;
for i ← 1, 2, . . . do
Observe transition (si , ai , si+1 ) and reward ri ;
Prediction Step;
θ̂i|i−1 = θ̂i−1|i−1 ;
Pi|i−1 = Pi−1|i−1 + Pvi−1 ;
Sigma-points
n computation ; o
( j)
Θi|i−1 = θ̂i|i−1 , 0 ≤ j ≤ 2p ;

W = wnj , 0 ≤ j ≤ 2p
;
( j)
Ri|i−1 = r̂i|i−1 = Q̂θ̂( j) (si , ai ) − γ maxb∈A Q̂θ̂( j) (si+1 , b),
i|i−1

o
0 ≤ j ≤ 2p ;

i|i−1

Compute statistics of interest;
( j)
2p
r̂i|i−1 = ∑ j=0 w j r̂i|i−1 ;
2p

( j)

( j)

Pθri = ∑ j=0 w j (θ̂i|i−1 − θ̂i|i−1 )(r̂i|i−1 − r̂i|i−1 );

2
( j)
2p
Pri = ∑ j=0 w j r̂i|i−1 − r̂i|i−1 + Pni ;
Correction step;
Ki = Pθri Pr−1
;
i

θ̂i|i = θ̂i|i−1 + Ki ri − r̂i|i−1 ;
Pi|i = Pi|i−1 − Ki Pri KiT ;

The residuals being centered and supposed independent, they can be modeled as a centered white noise ui
of theoretical variance E[u2i ] = var(D(si+1 )). This leads to the following moving average (MA) observation noise model:
ni = −γui + ui−1 , ui ∼ (0, σ2i )
(1.75)
The XKTD model we propose uses the state-space model (1.24) with observation noise (1.75). Taking
MA noise into account within the Kalman paradigm is a key contribution of this deliverable. As far
as we know, the case of MA observation noise has never been addressed before in the Kalman filtering
literature. In light of this, we believe that naively re-deriving KTD for the case with MA noise would be
quite complicated.
Fortunately, we can express the scalar MA noise ni as a vectorial auto-regressive (AR) noise, and it is quite
easy to introduce AR process noise in a Kalman filter by extending the evolution equation (e.g., see [13]).
This is done by extending the state-space model (1.24) to a new one for which Algorithm 1 applies rather
directly. Let ωi be an auxiliary random variable. Scalar MA noise (1.75) is equivalent to the following
vectorial AR noise:
  

  
ωi
0 0
ωi−1
1
=
+
u
(1.76)
ni
1 0
ni−1
−γ i
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This new noise formulation having been defined, it is now possible to define a state-space formulation equivalent to (1.24) with a MA observation noise:
(
xi = Fxi−1 + v0i
⇔
(1.77)
ri = gi (xi )

 

  
θ
I
0
0
θ
v

i
p
i
i−1


ω  = 0T 0 0 ω  +  u 
 i 
  i−1   i 
(1.78)
T

n
0
1
0
n
−γu
i
i
i−1



ri = V̂θi (si ) − γV̂θi (si+1 ) + ni

The parameters are now extended with the vectorial AR noise: xTi = θTi ωi ni . The evolution matrix F takes into account the structure of the MA observation noise (p is the number of
parameters, I p the identity matrix of size p, and 0 a zero p × 1 column vector). The process noise
is also extended to take into account the MA observation noise. The new noise v0i is centered
with variance Pv0i :

 


Pvi
0
0
vi
0
σ2i
−γσ2i )
v0i =  ui  ∼ (0 , Pv0i = 0T
−γui
0
0T −γσ2i γ2 σ2i


(1.79)

The observation equation remains the same: ri = gi (xi ) = V̂θi (si ) − γV̂θi (si+1 ) + ni . However now
the observation noise is a part of the evolution equation. Algorithm 1 applies to this equivalent state-space formulation, however with a slight modification: the evolution equation being
no longer the identity , it has to be taken into account in the prediction step, as depicted in
Algorithm 6.

1.8

Uncertainty Evaluation and Active Learning

The parameters being modeled as random variables, and the value (or Q-) function being a function of these parameters, it is a random variable for a given state (or state-action pair). We first
show how to compute its expectation and the associated uncertainty thanks to the unscented
transform. The treatment of the dilemma between exploration and exploitation should benefit
from such uncertainty information. Few approaches in the literature allow handling the value
function approximation problem as well as computing uncertainty over values at the same time.
The work in [8] is such an approach, however the effective use of the obtained uncertainty information is left as perspective. We propose a form of active learning which is a sort of totally
explorative policy in the context of KTD-Q. This contribution is shown to effectively speed up
learning in Chapter 2.
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Algorithm 6: XKTD: practical algorithm
T

Initialization: priors x̂0|0 = θ̂T0|0 0 0 and Px0|0 ;
for i ← 1, 2, . . . do
Observe transition (si , si+1 ) and reward ri ;
Prediction Step;
x̂i|i−1 = F x̂i−1|i−1 ;
Pxi|i−1 = FPxi−1|i−1 F T + Pv0i−1 ;
Sigma-points computation ;
( j)
( j)
( j)
( j)
Xi|i−1 = {x̂i|i−1 = [(θ̂i|i−1 )T , ω̂i|i−1 , n̂i|i−1 ]T , 0 ≤ j ≤ 2(p + 2)} (from x̂i|i−1 and
Pxi|i−1 );
W = {w j , 0 ≤ j ≤ 2(p + 2)} ;
( j)
( j)
Ri|i−1 = {r̂i|i−1
= V̂θ̂( j) (si ) − γV̂θ̂( j) (si+1 ) + n̂i|i−1 , 0 ≤ j ≤ 2(p + 2)};
i|i−1

i|i−1

Compute statistics of interest;
2(p+2)
( j)
r̂i|i−1 = ∑ j=0 w j r̂i|i−1 ;
2(p+2)

Pxri = ∑ j=0

2(p+2)

Pri = ∑ j=0

( j)

( j)

w j (x̂i|i−1 − x̂i|i−1 )(r̂i|i−1 − r̂i|i−1 );
( j)

w j (r̂i|i−1 − r̂i|i−1 )2 ;

Correction step;
Ki = Pxri Pr−1
;
i
x̂i|i = x̂i|i−1 + Ki (ri − r̂i|i−1 ) ;
Pi|i = Pi|i−1 − Ki Pri KiT ;
end
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Computing Uncertainty over Values

Let V̂θ be the approximated value function parameterized by the random vector θ of mean θ̄
and variance matrix Pθ . Let V̄θ (s) and σ̂V2θ (s) be the associated mean and variance for a given
state s. To propagate the uncertainty from the parameters to the value function a first step is to
compute the sigma-points associated to the parameter vector Θ = {θ( j) , 0 ≤ j ≤ 2p} as well as
corresponding weights W = {w j , 0 ≤ j ≤ 2p} from θ̄ and Pθ . Then the images of this sigmapoints are computed for the given state s using the parameterized value function :
n
o
Vθ (s) = V̂θ( j) (s) = V̂θ( j) (s), 0 ≤ j ≤ 2p
(1.80)
Knowing these images and corresponding weights, it is possible to compute the statistics of
interest, namely mean and variance of the approximated value function:
2p

V̄θ (s) =

∑

( j)
w jV̂θ (s)

2p

and

j=0

σ̂V2θ (s) =


2
( j)
∑ w j V̂θ (s) − V̄θ(s)

(1.81)

j=0

Thus, for a given representation of the value function and a random parameter vector, the uncertainty can be propagated to the value of a state. Extension to Q-function is straightforward. The
complexity is here again quadratic. So, as at each time-step i an estimate θ̂i|i and the associated
variance Pi|i are known, uncertainty information can be computed in the KTD framework.

1.8.2

A Form of Active Learning

It is shown here how this available uncertainty information can be used in a form of active
learning. KTD-Q is an off-policy algorithm: it learns the optimal policy π∗ while following a
different behaviorial policy b. A natural question is to know what behaviorial policy to choose
in order to speed up learning. A possible answer is given here.
Let i be the current temporal index. The system is in a state si , and the agent has to choose
an action ai . The considered algorithm being KTD-Q, the estimates θ̂i−1|i−1 and Pi−1|i−1 are
available. They can be used to approximate the uncertainty of the Q-function parameterized by
θi−1 in the state si and for any action a. Let σ2Qθ (si , a) be the corresponding variance. The
i−1
action ai is chosen according to the following random behaviorial policy:
b(ai |si ) =

σQθi−1 (si , ai )
∑a∈A σQθi−1 (si , a)

(1.82)

A totally explorative policy is obtained, in the sense that it favours less certain actions. This is
a way among others to use the available uncertainty information, nevertheless it is shown in the
experiments section to be quite efficient compared to a uniformly random behaviorial policy.
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Discussion and Perspectives

A general Kalman-based function approximation scheme for reinforcement learning in deterministic Markovian decision processes has been introduced, and algorithms for value function and
Q-function evaluation (policy iteration scheme) and for Q-function direct optimization (value
iteration scheme) have been derived from it.
As mentioned in Section 1.2, related approaches have been proposed previously. In [8] a Gaussian process modelling of reinforcement learning function approximation is proposed. In the
deterministic and parametric case, an algorithm which is almost the same as the KTD-V with
linear parameterization is obtained (the only difference resides in the absence of process noise).
However it is derived from a different point of view. As Kalman filtering is strongly linked to
least-squares minimization, our approach shares similarities with the LSTD [4], however without
taking into account an instrumental variables concept. In [9] a Kalman filter designed to handle
fixed-point approximation in the case of linear parameterization is introduced. It can be roughly
seen as a bootstrapping version of the proposed KTD-V. Instead of the observation equation of
state-space model (1.48), the following observation equation is used:
ri + γφ(si+1 )T θ̂i−1|i−1 = φ(si )T θi + ni

(1.83)

In other words, the reward is not considered as the observation, but an approximation of the value
function is used to compute a “pseudo”-observation, and the update of the parameters is made so
as to match the value function of the current state to this pseudo-observation. In [10], a bank of
classical Kalman filters is used to learn the parameters of a piecewise linear parameterization of
the value function. It can be roughly seen as a special case of the proposed approach, however
differences exist: not one filter but a bank is used and the parameterization is piecewise linear,
which is exploited to develop specificities of the algorithm.
The proposed framework has some potential advantages. First it does not suppose stationarity.
An immediate application is to handle non-stationary environments. But an even more interesting
one is the control case. The algorithm LSTD is known to fail when combined with optimistic
policy iteration, because of the induced non-stationarities of this specific learning and control
scheme. Kalman filtering and thus the proposed framework is designed to be robust to nonstationarities (random walk model of the parameter vector). This can be quite interesting for the
control case, which has not been treated here (the focus was on learning the value function or
the Q-function, given observed transitions, and not on how to choose action for a given state).
Second, the parameter vector is modelled as a random vector. As a consequence, at each time
step, the covariance of this random vector is available. It can be propagated to the value function
(as it is clearly a function of the parameters), using the unscented transform if necessary, in order
to provide local uncertainty information for the value at a given state. This is exemplified in [16]
for a simple regression problem. This uncertainty propagation can be useful to handle the well
known dilemma between exploration and exploitation.
To finish with, a new Kalman-based function approximation scheme for reinforcement learning
has been introduced. Most interesting perspectives are to extend this framework to the control
case, for which the non-stationarity hypothesis and the uncertainty propagation should be useful,
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and to handle more rigorously stochastic transitions. It is also planned to conduct more comparisons, theoretically and experimentally, of the KTD to other related function approximation
schemes for reinforcement learning.
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Chapter 2
Experiments
2.1

Standard RL Benchmarks

In this section we use a set of classical reinforcement learning benchmarks in order to compare
KTD with state-of-the-art algorithms and to highlight its different aspects, namely the bias caused
by stochastic transitions (Boyan chain), non-stationarity handling (Boyan chain and mountain
car), value uncertainty used in a form of active learning (inverted pendulum), and sample efficiency (all benchmarks). Compared algorithms are TD, SARSA, Q-learning and (online) LSTD.
We do not consider their extensions to eligibility traces, as LSTD performs better than TD(λ)
and varying λ has small effect on LSTD(λ) performances [6].

2.1.1

Boyan Chain

The first experiment is the Boyan chain [6]. The aim is to illustrate the bias caused by stochastic transitions and to show sample-efficiency and non-stationarity handling of the KTD-V on a
deterministic version of this experiment.
Stochastic Case
The Boyan chain is a 13-state Markov chain where state s0 is an absorbing state, s1 transits
to s0 with probability 1 and a reward of -2, and si transits to either si−1 or si−2 , 2 ≤ i ≤
12, each with probability 0.5 and reward -3. In this experiment, the KTD-V is compared to
TD [1] and LSTD [4]. The feature vector φ(s) for states s12 , s8 , s4 and s0 are respectively
[1, 0, 0, 0]T , [0, 1, 0, 0]T , [0, 0, 1, 0]T and [0, 0, 0, 1]T . The feature vectors for other states are obtained by linear interpolation. The approximated value function is thus V̂θ (s) = θT φ(s). The
optimal value function is exactly linear in these features, and the optimal parameter vector is
θ∗ = [−24, −16, −8, 0]T . To measure the quality of each algorithm the Euclidian distance between the current parameter vector and the optimal one kθ − θ∗ k is computed.
The discount factor γ is set to 1 in this episodic task. For TD, the learning rate is set to α = 0.1.
For LSTD, the prior is set to P0|0 = I where I is the identity matrix. For KTD-V, the same prior
22
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a. Stochastic case.

b. Deterministic and non-stationary case.
Figure 2.1: Boyan chain.

is used, the observation noise is set to Pni = 10−3 and the process noise covariance to Pvi = 0I.
Choosing these parameters requires some practice, but no more than choosing a learning rate
for other algorithms. Moreover, online LSTD also needs a prior. For all algorithms the initial
parameter vector is set to zero. Fig. 2.1.a shows results.
LSTD converges faster than TD, as expected, and KTD-V converges even faster than LSTD.
However it does not converge to the optimal parameter vector, which is explained by the fact
that the minimized cost-function is biased. This bias was identified in the thoretical study and a
solution was proposed resulting in the XKTD algorihtm. This will be discussed later.
Deterministic and Non-Stationary Case
The Boyan chain is thus made deterministic by setting the probability of transiting from si to
si−1 to 1 (and from si to si−2 to 0). The KTD-V algorithm is again compared to LSTD and TD.
Moreover, to simulate a change in the MDP, and thus non-stationarity, the sign of the reward
is switched from the 100th episode. The optimal value function is still linear in the feature
vectors, and the optimal parameter vector is θ∗(-) = [−35, −23, −11, 0]T before the MDP change,
and θ∗(+) = −θ∗(-) after. Algorithms parameters are the same, except the procces noise covariance
which is set to Pvi = 10−3 I. Results are presented in Fig. 2.1.b.
Here again KTD-V converges much faster than LSTD and TD, however now to the correct optimal parameter vector. After the change in reward, LSTD is very slow to converge, because of
the induced non-stationarity. TD can track the correct parameter vector faster, the learning rate
being constant. However, KTD converges again faster.
Thus, KTD-V fails to handle the stochastic case as expected, however it converges much faster
than LSTD or TD in the deterministic one. Moreover, it handles well non-stationarity. This can
be useful if the MDP is non-stationary, but also to track the dynamics of the value function when
optimistic policy iteration or actor-critic schemes are used, even in a stationary MDP.
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Figure 2.2: Boyan chain.
Stochastic and Non-Stationary Case
An extended version of KTD (XKTD) has been described in the theoretical part of this contribution so as to handle stochastic environments. We compare XKTD to three other second
order value function approximation algorithms, namely KTD, LSTD [4] and parametric MCGPTD [8] (using Gaussian processes). The objective is threefold: showing sample efficiency,
demonstrating the bias removal (which is the main purpose of this contribution) and showing
non-stationarity handling which remains in this algorithm.
Before the MDP change, KTD variations and MC-GPTD converge faster than LSTD (and equally
well). XKTD, as well as LSTD and MC-GPTD, is unbiased, contrary to KTD. Thus XKTD does
the job it has been designed for, that is removing the bias due to stochastic transitions. After the
MDP change, both LSTD and MC-GPTD fail to track the value function. KTD manages to do
it, but it is still biased. XKTD tracks the value function without being biased. Notice that after
the MDP change, KTD adaptation is a little bit faster than KTD one. Actually, using a colored
observation noise induces a memory effect, like using eligibility traces in classical TD methods.
For KTD, the innovation ri − r̂i|i−1 is the TD error, for XKTD it is a combination of such TD
errors along the followed trajectory (this can be demonstrated by expanding Kalman equations).
This memory effect explains the faster adaptation. This experiments shows that XKTD performs
as well as KTD, however without the bias problem, which was the motivation for introducing
this new algorithm. It is sample efficient (at least more than LSTD) and it tracks the value
function rather than converging to it, which allows handling non-stationarity. Another advantage
of XKTD over LSTD and MC-GPTD is its ability to handle nonlinear parameterization. It is
not demonstrated empirically here, however it is demonstrated in the white noise case (KTD)
by [17], where the handled nonlinearity is the max operator induced by the Bellman optimality
equation.
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Inverted Pendulum

The second experiment is the inverted pendulum as described in [18]. The goal is here to compare two value-iteration-like algorithms, namely KTD-Q and Q-learning, which aim at learning
directly the optimal policy. As far as we know, KTD-Q is the only second order algorithm for Qfunction approximation in a value iteration scheme (the major difficulty being to handle the max
operator). An active learning-like scheme is also experimented: it uses the uncertainty computed
by KTD to speed up convergence.
This task requires balancing a pendulum of unknown length and mass at the upright position by
applying forces to the cart it is attached to. Three actions are allowed: left force (-1), right force
(+1), or no force (0). The associated state space consists in vertical angle ω and angular velocity
ω̇ of the pendulum. Deterministic transitions are computed according to physical dynamics of
the system, and depends on action a:
g sin(ω) − βml ω̇2 sin(2ω)/2 − 50β cos(ω)a
ω̈ =
4l/3 − βml cos2 (ω)

(2.1)

where g is the gravity constant, m and l the mass and the length of the pendulum, M the mass
1
. A zero reward is given as long as the angular position is in [− π2 , π2 ].
of the cart, and β = m+M
Otherwise, the episode ends and a reward of −1 is given. The parameterization is composed of
a constant term and a set of 9 equispaced Gaussian kernels (centered in {− π4 , 0, π4 } × {−1, 0, 1}
and with a standard deviation of 1) for each action. Thus there is a set of 30 basis functions. The
discount factor γ is set to 0.95.
Learning the Optimal Policy
First, we compare algorithms ability to learn an optimal policy. For Q-learning, the learning rate
is set to αi = α0 nn00+1
+i with α0 = 0.5 and n0 = 200, according to [18]. For KTD-Q, the parameters
are set to P0|0 = 10I, Pni = 1 and Pvi = 0I. For all algorithms the initial parameter vector is
set to zero. Training samples are collected online with random episodes. The agent starts in a
randomly perturbed state close to the equilibrium (0, 0) and then follows a policy that selects
actions uniformly at random. The average length of such episodes was about 10 steps, and both
algorithms learned from the same trajectories. Results are summarized in Fig. 2.3.a.
For each trial, learning is done over 1000 episodes. Every 50 episodes, learning is frozen and
the current policy is evaluated. For this, the agent is randomly initialized in a state close to the
equilibrium and the greedy policy is followed until the end of episode; this is repeated 100 times
and averaged. Performance is measured as the number of steps in an episode. Maximum number
of steps for one episode is bounded by 3000 steps, which corresponds to 5 minutes of balancing
the pole without failure. Results in Fig. 2.3.a are averaged over 100 trials and presented in semilog scale.
KTD-Q learns an optimal policy (that is balancing the pole for the maximum number of steps)
asymptotically and near-optimal policies are learned after only a few tens of episodes. With
the same number of learning episodes, Q-learning with the same linear parameterization fails to
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Figure 2.3: Inverted pendulum.
learn a policy which balances the pole for more than a few tens of time steps. Similar results for
Q-learning are obtained in [18].
A Form of Active Learning
Here we experiment with the active learning scheme proposed in Sec. 1.8.2. The environment
is initialized randomly as before. When the system is in a given state, the standard deviation
of the Q-function is computed for each action. These deviations are normalized, and the new
action is sampled randomly according to the probabilities weighted by the deviations. Thus, an
uncertain action will be more likely sampled. The average length of such episodes was about
11 steps, which does not differ much from uniformly random transitions. Consequently this
can only slightly help to improve speed of convergence (at most 10%, much less than the real
improvement which is about 100%). Results are summarized in Fig. 2.3.b.
For each trial, learning is done over 300 episodes. Fewer episodes are considered to show the
speed up of convergence, however both versions of KTD perform as well asymptotically. Every
25 episodes, learning is frozen and the current policy is evaluated as before. Performance is
measured as the number of steps of an episode, again for a maximum of 3000 steps. Results in
Fig. 2.3.b are averaged over 100 trials. Notice that the scale is no longer logarithmic. It compares
KTD-Q with informed transitions (“active” KTD-Q) to KTD-Q with uniformly random learning
policy and Q-learning. When comparing the two versions of KTD-Q, it is clear that sampling
actions according to uncertainty speeds up convergence. It is almost doubled in the first 100
episodes: for example, a performance of 1500 is obtained after only 25 episodes with activeKTD, whereas it needs about 50 episodes for the classic KTD. Thus the uncertainty information
available thanks to the KTD framework can be quite useful for reinforcement learning.

2.1.3

Mountain Car

The last experiment is the mountain car task as described in [1]. The objective here is to illustrate behavior of algorithms in an optimistic policy iteration scheme: learning while controlling
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Figure 2.4: Mountain car.
induces non-stationary value dynamics. This task consists in driving an underpowered car up a
steep mountain road, the gravity being stronger than the car engine. The state space consists in
position and velocity (x, ẋ) ∈ [−1.2, 0.5] × [−0.07, 0.07]. The three possible actions are left (-1)
or right (+1) moves or do nothing (0). The dynamics of the system are given by:
(


ẋi+1 = bound ẋi + 10−3 (ai − 2.5 cos(3xi ))
(2.2)
xi+1 = bound [xi + ẋi+1 ]
where the bound operator enforces position and velocity bounds. When the position reaches
the left bound, the velocity is set to zero. When it reaches the right bound, the reward is 0
and the episode ends. The reward is −1 otherwise. The discount factor is set to 0.95. State is
normalized, and the parameterization is composed of a constant term and a set of 9 equispaced
Gaussian kernels (centered in {0, 0.5, 1} × {0, 0.5, 1} and with a standard deviation of 0.5) for
each action. Thus there is a set of 30 basis functions.
This experiment compares SARSA with Q-function approximation, LSTD and KTD-SARSA
within an optimistic policy iteration scheme. The followed policy is ε-greedy, with ε = 0.1. For
SARSA, the learning rate is set to α = 0.1. For LSTD the prior is set to P0|0 = 10I. For KTDSARSA, the same prior is used, and the noise variances are set to Pni = 1 and Pvi = 0.05I. For
all algorithms the initial parameter vector is set to zero. Each episode starts in a random position
and velocity uniformly sampled from the given bounds. A maximum of 1500 steps per episode
is allowed.
For each trial, learning is done for 200 episodes, and Fig. 2.4 shows the length of each learning
episode averaged over 300 trials. KTD-SARSA performs better than LSTD, which performs better than SARSA with Q-function approximation. Better results have perhaps been reported for
SARSA with tile-coding parameterization in the literature, however the chosen parameterization
is rather crude and involves much fewer parameters. Moreover, even with tile-coding and optimized parameters, SARSA with function approximation is reported to take about 100 episodes to
reach an optimal policy [1, Chapt. 8.4.], which is about an order of magnitude higher than KTD.
The optimistic policy iteration scheme used in this experiment implies non-stationarity for the
learned Q-function, which can explain that LSTD fails to learn a near-optimal policy. LSTD has
been extended to LSPI [18], which allows searching an optimal control more efficiently, however
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it is a batch algorithm which does not imply to learn while controlling, so it is not considered
here. KTD-SARSA performs well, and learns a near-optimal policy after only a few tens of
steps. Learning is also more stable with KTD-SARSA.

2.1.4

Conclusion

The KTD framework has been extensively experimented on standard reinforcement learning algorithms. The bias caused by stochastic transitions has been illustrated, and advantages of the
KTD concerning non-stationarity and uncertainty handling as well as sample efficiency and ability to control a system have been experimentally demonstrated. The XKTD algorithm has been
introduced to handle stochastic MDPs which is a requirement for spoken dialogue systems and
it has been demonstrated that this algorithm is actually unbiased. The KTD framework thus
compares favorably to state-of-the-art algorithms
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Chapter 3
Implementation
3.1

Reinforcement Learning Library

Reinforcement Learning (RL) is a set of techniques and paradigms that are formalized with
concepts like observations, states, actions, reward, transitions, etc. As resolution techniques rely
on this formalism, they are expressed on rather abtract problems, independently from any real
instantiation. The purpose of the RL library is actually to address two objectives. First, it keeps
the RL concepts at their abstract level, and second, it allows a dedicated instantiation of any
problem resolution. To cope with these two apparently opposite objectives, but also in order to
have a high performance, the RL library has been written in C++, using templates rather than
inheritance, since the latter are some high-level macros that rewrite a dedicated code.
With the library, for example, a RL designer can take a ready-to-use resolution algorithm involving the regression of the Q-value, being free to use any representation of the Q-function, any
regression technique, and any kind of problem to solve, since the requirements for the different
elements are reduced to a few type and method definitions. The design is thus more flexible, and
oriented to the inclusion of pre-existing simulators, pre-existing regression tools, etc....
Currently, Q-Learning, Sarsa, Fitted-Q, Value Iteration, eligibility traces and KTD-Q are available in the library, as well as a mountain car simulator. Other algorithms are at work, as well as
other benchmark problems.
Jointly to the core RL library, we have provided an interface to the DIPPER dialogue manager,
as well as a KTD library. The first allows to apply the RL available algorithms to DIPPER, and
the second allows any ”naive” designers to take benefits from using the KTD regression method
developed in the IMS team. Multilayer neural networks regressors, whose learning is driven by
KTD, are also provided.
The RL and KTD libraries are licenced under Lesser-GPL, their sources and documentations are
available on the software pages of the IMS team web site kttp://ims.metz.supelec.fr.
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JNI Interface for DIPPER

DIPPER is a modular dialogue manager developed in EDIN and based on OAA (Open Agent
Architecture) [19]. J-DIPPER (Java DIPPER) implements a functional programming language
(consisting of Prolog like ”u-rules”) which carries out updates over sets of Information State (IS)
objects. It is typically controlled from a Graphical User Interface (GUI) which allows control
over program execution, i.e. execution of single update steps or continuous running of update
steps.
In its standard implementation, J-DIPPER is designed to request actions to perform to a policy
learner. Yet, the RL lib has been developed to learn policies by interacting with an environment
as in the standard representation of a reinforcement learning problem. From a programming
point of view, this makes the environment a client to which actions are submitted and providing
states and rewards in return. J-DIPPER had to be modified so as to create a client version of it.
To create a client version of J-DIPPER, control from the GUI was disabled and the step update
method ”step()” was re-factorised to allow execution to be ceded to a parent process at various
points. A DipperClient class was then created which wraps the newly factorised J-DIPPER
methods and implements the agreed interface, see appendix A.
Implementation of the RL lib interface for DIPPER can be obtained on Supelec’s Foundry :
http://foundry.supelec.fr. This interface allows the RL lib interacting with the DIPPER dialogue
manager developed in JAVA by the University of Edinburgh.

Appendix A - DIPPER Client Interface
The client version of DIPPER implements the following methods.
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